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Abstract. The objective values information can be incorporated into
the evolutionary algorithms based on probabilistic modeling in order to
capture the relationships between objectives and variables. This paper
investigates the effects of joining the objective and variable information
on the performance of an estimation of distribution algorithm for multi-
objective optimization. A joint Gaussian Bayesian network of objectives
and variables is learnt and then sampled using the information about
currently best obtained objective values as evidence. The experimental
results obtained on a set of multi-objective functions and in comparison
to two other competitive algorithms are presented and discussed.
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1 Introduction

Real-world problems usually include several criteria that should be fulfilled at
the same time when trying to solve them. In many of these problems none of
the criteria can be preferred over the others by the decision maker (the person
who the optimization results are meant for) in order to apply single-function
optimization techniques to solve them. On the other hand the criteria may be
conflicting, i.e. trying to improve one of them will result in worse values for some
other. Therefore it seems more reasonable to try solving them as Multi-objective
Optimization Problems (MOPs).

Multi-Objective Evolutionary Algorithms (MOEAs) [1,6,29,34] have been suc-
cessfully applied to many MOPs and obtained competitive results. Estimation
of Distribution Algorithms (EDAs) [16,19,23,25] are proposed as a new compu-
tation paradigm based on evolutionary algorithms that replace the traditional
recombination operators by learning and sampling a probabilistic model for ad-
vancing the search in solution space. Different Multi-objective EDAs (MEDAs)
[20,26,32,33] have been proposed for solving MOPs. The main idea in these al-
gorithms is to incorporate the selection and replacement strategies of MOEAs
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in the model-building framework of EDAs which will allow to utilize the power
of EDAs for solving MOPs.

Although most of the study on MOPs has been focused on problems with a
few number of objectives, very often practical optimization problems involve a
large number of criteria. In addition, after the initial success of applying MOEAs
to problems with two or a small number of objectives, efforts have been oriented
towards investigating the scalability of these algorithms with respect to the num-
ber of objectives [8,13]. Therefore problems with many-objectives are receiving an
increasing attention in the fields of decision making and multi-objective optimiza-
tion. Another line of research related to many-objective problems is to reduce the
optimization complexity by exploiting the relationships between the objectives.
Objective reduction is one of the proposed methods that seeks the minimum objec-
tive subset by considering the conflicting and non-conflicting objectives [3,4,18].

In this paper an MEDA using a generalized Gaussian Bayesian Network
(GBN) is proposed for solving MOPs. This probabilistic model not only al-
lows capturing the dependencies between problem variables, but also permits
modeling the dependencies between objective functions and the dependencies
between objectives and variables which can be used for factorizing MOP into
simpler subproblems. Furthermore it allows the insertion of information about
good objective values to the model as evidence.

A similar idea has been used in the Evolutionary Bayesian Classifier-based Op-
timization Algorithm (EBCOA) [21,22] for single-objective optimization where
a single class variable is introduced as a node in the Bayesian classifier models.
However, there the class variable is inserted into the model with a fixed relation
structure and only having a predefined limited number of different values used to
classify the solutions to fitter and worse groups. The algorithm presented here
extends the scope to multi-objective problems using a more general Bayesian
network and includes the objective variables as the nodes in the model. The
dependency structure between the objectives is also explored in the course of
evolution, capturing the relation between the objectives of the problem.

The rest of this paper is organized as follows: in Section 2 the proposed EDA
and its probabilistic model learning process are described in detail. The con-
ducted experiments and their results are presented in Section 3. Section 4 gives
the conclusive remarks and lines of future research.

2 Joint Modeling of Objectives and Variables

In a typical Evolutionary Algorithm (EA), the objective function values of so-
lutions are used for selecting parents or replacing offspring, and beyond that the
new-solution-generating part only relies on the information provided by variables.
However if this new-solution-generator could exploit the objectives information,
then it might be able to generate better solutions. In the case of EDAs, incorpo-
rating the objectives information to the probabilistic model can help finding out
how solutions are involved in building fitter solutions and also to capture the re-
lationship between objectives and the variables in the multi-objective context.
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Fig. 1. An example of a joint model of 3 objectives and 5 variables

The deterministic functions given for a problem, link the objective values
to variables. EDAs try to represent the problem structure by probabilistically
approximating the dependencies between variables and then use them for ob-
taining new solutions with better objective values. Including the objectives in
the model will allow the algorithm exploit the probabilistic approximation of the
relationships learnt for them (e.g. based on the expected value of the objectives).
This is especially useful in multi-objective problems with different, possibly con-
flicting, objective functions. Furthermore, the model structure makes it possible
to identify redundancy, conditional independence, or other relationships between
objectives. Fig. 1 shows a sample joint model that depicts different dependencies
between variables and objectives.

The probabilistic model used in this paper is a Bayesian network. As it is usual
for many continuous EDAs and because of its special analytical properties, it is
assumed that the problem solutions follow a Gaussian distribution and therefore,
the probabilistic model will be a Gaussian Bayesian Network (GBN). To learn
the joint GBN, the strings of selected solutions are extended by appending the
objective values of each solution to its variable values. Fig. 2 shows an overview
of the algorithm. The main steps are each described next in detail.

2.1 Selection

The set of promising solutions are selected using a truncation scheme where
given a factor τ and a population of N individuals, the selection operator first
sorts the population and then selects the best τN solutions. One of the frequently
used sorting algorithms in the multi-objective optimization is the non-dominated
sorting introduced in [7]. The algorithm starts with sorting the solutions to
different non-dominated fronts according to the dominance relation.

After grouping the population into several disjoint fronts, the solutions in
each of the fronts are ranked using a crowding distance measure which favors
those solutions that are in scattered areas of the front. The crowding distance
computes how close each solution is to its neighbors with regard to different ob-
jective functions. To apply the truncation selection using non-dominated sorting,
the non-dominated fronts are added to the set of selected solutions one by one
according to their ranks and when a complete front can not be added anymore
a subset of its solutions are selected according to their crowding distances. A
slight modification to this algorithm is to select solutions one-by-one from the
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Fig. 2. An overview of the proposed algorithm

last eligible front and after removing each selected individual, recomputing the
crowding distance of all individuals still in that front. Although this modifica-
tion will cause an increase in the computational cost, it can help to improve the
diversity of the selected solutions [33].

Another sorting algorithm applied in this paper is based on Fitness Averaging
(FA). It is a very simple and fast sorting mechanism for multi-objective optimiza-
tion problems. Instead of treating different objective functions using dominance
relation, a single fitness value is assigned to each solution which is the average
of different objective values for that solution (after normalizing the objective
values). Since this kind of fitness assignment gives a complete ordering between
the solutions, selection can be performed using any desired selection scheme.

2.2 Model Learning

As a Bayesian network, the graphical structure in GBN is represented with a
directed acyclic graph (DAG) and the conditional probability density of the
continuous nodes are given by the following normal distribution [14,17]

p (xi|pa(Xi)) = N (μi +
∑

Xj∈Pa(Xi)

wj(xj − μj), σ2
i ) (1)

where μi and σi are the parameters of the joint Gaussian distribution p(x) =
N (µ, Σ), Pa(Xi) is the parent set of the ith variable according to the structure,
and wj are the weights of the conditional density function.

If the notation (X1, . . . , Xp) = (V1, . . . , Vn, O1, . . . , Om) is used to represent
the joint extended vector of problem variables and objectives, then the following
factorization shows the probability density encoded in the resulting GBN
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p (v1, . . . , vn, o1, . . . , om) =
n∏

i=1

p(vi|pa(Vi)) ·
m∏

j=1

p(oj |pa(Oj)) (2)

where pa(Vi) and pa(Oj) are the parents value setting of variable Vi and objective
Oj respectively.

To further increase the learning accuracy of the probabilistic model, a regular-
ization method is employed in estimating the parameters. The covariance matrix
(CM) shrinkage technique discussed in [30] is applied to the covariance matrix
computation of the joint Gaussian distribution before using it for learning the
GBN. In this method the unbiased empirical estimation of the covariance matrix
is combined with a diagonal matrix using a linear shrinkage. The shrinkage inten-
sity is analytically computed using the statistical analysis of empirical covariance
and correlation matrices. The regularized estimation increases the sparsity of the
inverse covariance matrix which represents the relationships between variables.

Before passing the set of selected (extended) solutions to the model learning
algorithm, they are standardized to have a mean of zero and a variance of one, in
order to facilitate the parameter estimation [31]. The learning algorithm is based
on the search and score strategy and employs a local search method for moving in
the space of all possible DAG structures. It checks all edge additions, deletions
and removals applicable to the current network structure and selects the one
that results in the best improvement of the scoring metric and terminates if no
further improvement is possible [5]. The scoring metric used here is a penalized
log-likelihood metric with a Bayesian Information Criterion (BIC) penalization.
The parameter stored for the node corresponding to the ith variable is the weight
vector w needed for computing the conditional probability distribution of (1)

w =
1
A

Σ(Pa(Xi),Xi)

AT
(3)

where Σ(K,L) denotes the sub-matrix obtained from Σ by selecting the rows in
set K and columns in set L, and the lower triangular matrix A is obtained from
a Cholesky decomposition [27] of the parent part of the covariance matrix

AAT = Σ(Pa(Xi),Pa(Xi)) . (4)

The condition for terminating the algorithm is to reach a maximum number
of iterations. Therefore if the learning algorithm gets stuck in a local optimum
point (or possibly the global optimum) before the number of iterations elapses,
it will restart the search from another point randomly chosen in the DAGs space
[31].

2.3 Model Sampling

The sampling procedure used in this study for the joint GBN is very similar
to that of a typical Bayesian network sampling method except that special care
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is needed to handle objective nodes included in the model. The Probabilistic
Logic Sampling (PLS) or Forward Sampling [14] works by first computing an
ancestral or topological ordering between variables and then generating values
for the variables according to this ordering, using the conditional probability
distributions stored in the model.

Two strategies can be applied for sampling a joint probabilistic model: a) using
the current best found values for the objectives, or b) generating dummy values
for objectives in the process of sampling. A combination of these two methods
is also possible. In the former case, the objective values of the best solutions of
the population (i.e. the parents set) is passed to the sampling method to be used
whenever an objective node has appeared as the parent of a variable node and
its value is required for sampling. In the latter method, the objective nodes are
completely treated as variable nodes and values are generated for them using
the probabilities encoded in the model. Although these values are not used after
sampling, and the new generated solutions need to be evaluated using objective
functions, the dummy objective values can be used for generating new values for
variable nodes and can lead to a more consistent sampling with regard to the
learnt model. The results presented in this paper are obtained using the second
method.

Since the new solutions are generated using a bell-shaped normal distribution,
it may happen that some of the generated values fall outside of the domain of
the variables. Therefore usually a repairment step becomes necessary after the
new solutions are generated in the continuous EDAs based on Gaussian distri-
bution. The repairing technique used in this paper is to reset those values that
are out of the bound, to a random value in the acceptable domain of the vari-
able. To increase the possibility of appropriate value reseting, the variables are
both normalized and standardized before modeling takes place and the mean of
each variable in each solution is computed according to the probabilistic model.
Then the generated unacceptable value is replaced with a random value be-
tween the computed mean and the domain-bound (upper or lower) that was
breached.

2.4 Replacement

The newly generated solutions should be incorporated into the original popula-
tion for further exploitation in next generations. The Elitist replacement used
in this paper selects the best solutions, in terms of Pareto dominance, of the
current original and offspring populations for inclusion in the following gener-
ation’s population. The non-dominated sorting discussed earlier for selection is
used here to order the combined population of original and offspring solutions
and then select the best solutions. The number of solutions to be selected is
determined by population size.

The following pseudo-code summarizes the described algorithm steps pro-
posed for joint modeling of variables and objectives.
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Joint Variable-Objective Estimation of Distribution Algorithm:

P[0] = Generate an initial population

F[0] = Compute the objective values(P[0])

t = 0

While termination criteria are not satisfied do

{S, G} = Select a subset of solutions(P[t], F[t])

D = Form the extended solutions(S, G)

// D is duly normalized and standardized

C = Compute the regularized covariance matrix(D)

M = Learn the GBN model(C)

Q = Sample offspring from the model(M, G)

H = Compute the objective values(Q)

{P[t+1], F[t+1]} = Replace offspring in population(P[t], F[t], Q, H)

t = t + 1

End while

3 Experiments

The proposed algorithm is tested on a number of test functions and the results
are compared to those of other algorithms. To test the effect of including the
objectives in the model building and sampling of the algorithm two versions of
the algorithm are considered here. The first algorithm learns a joint model of
both the objectives and variables, which will be called Joint GBN-EDA (JGBN-
EDA). The other version does not consider objective information and only uses
variables for model learning, very similar to the Estimation of Gaussian Network
Algorithm (EGNA) [15], and will be called (normal) GBN-EDA in this paper.

The performance results are compared against two other algorithms: The Non-
dominated Sorting Genetic Algorithm (NSGA-II) [7], considered as a reference
algorithm in many multi-objective optimization studies, is based on traditional
GA and uses special type of crossover and mutation methods to deal with real-
valued strings; The Regularity-Model based Multi-objective Estimation of Dis-
tribution Algorithm (RM-MEDA) [33] assumes a certain type of smoothness for
Pareto set and uses the Local Principal Component Analysis (LPCA) algorithm
to build a piece-wise continuous manifold with a dimension equal to one less
than the number of objectives.

The two algorithms use the non-dominated sorting method for selecting
promising solutions. While both algorithms generate an offspring population of
the size of the original population, only NSGA-II employs a replacement mech-
anism where the best solutions in both offspring and original populations are
selected for the next generation. In RM-MEDA the newly generated offspring
solutions completely replace the original population. All of the algorithms are
implemented in Matlab R©.

The implementation of JGBN-EDA is done using the Matlab R© toolbox for
EDAs [28]. The algorithm has been tested using both the non-dominated sort-
ing and the fitness averaging for selection. However, the results obtained with the
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simpler fitness averaging were superior to those obtained with the other algo-
rithm. Such a behavior is also reported by others [10]. Therefore the results
presented here are those obtained with fitness averaging. The non-dominated
sorting is used only in the replacement step of the algorithm as was discussed
above.

To evaluate the non-dominated fronts obtained by each algorithm the Inverted
Generational Distance (IGD) measure is used that accounts both for diversity
and convergence to the true Pareto front at the same time. The measure is given
by the following relation taken from [33]

IGDF∗(F ) =

(
∑

s∈F∗
{mind(s, s′), ∀s′ ∈ F}

)
/|F ∗| (5)

where d() gives the Euclidean distance between the two points and F ∗ is a uni-
form sampling of the true Pareto front of the problem. The statistical significance
in the differences between the results is checked with the Kruskal-Wallis test.
Kruskal-Wallis performs a non-parametric one-way ANOVA to accept or reject
the null hypothesis that independent samples of two or more groups come from
distributions with equal medians, and returns the p-value for that test. The test
significance level is set to 0.05.

3.1 Test Functions

There are many test sets proposed in the literature for evaluating multi-objective
optimization algorithms [8,9,11,24]. However not all of these functions exhibit
real-world problem properties that can be used to evaluate different aspects of
an algorithm. Features like scalability and non-separability both in the variable
and objective spaces, multi-modality, biased or disconnected Pareto fronts that
can pose significant challenges to any multi-objective optimization algorithm.

In this study, the Walking Fish Group (WFG) functions proposed by Huband
et al. [11,12] are used for experiments. All of the functions, which are to be
minimized, can be represented with the following relation

fj(x) = D · xm + Sj · hj(x1, . . . , xm−1) (6)

where D and Sj are scaling factors, hj are shape functions (e.g. concave, con-
vex, mixed, disconnected or degenerated) defined on m − 1 (m is the number
of objectives) position variables, and xm is the distance variable. Position and
distance variables are obtained by applying different transformation function on
the input variables. The test set includes 9 functions that all have dissimilar
variable domains and different Pareto optimal trade-off magnitudes, have no ex-
tremal nor medial values for variables, and undergo complex transformations to
create other properties like deceptiveness and many-to-one mappings.
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3.2 Experimental Results

In the following experiments the algorithms are tested on WFG functions with
5, 10 and 20 objective functions. The number of objectives are related to the
number of position and distance variables with two factors that determine the
number of problem variables. Therefore to keep the computational costs of the
experiments in an affordable level, the number of variables is set to 28, 50 and
50 respectively. The reported results for each algorithm on each test function
are computed from 25 runs in the case of 5 and 10 objectives, and 10 runs for
20 objectives. For all algorithms the maximum number of function evaluations
is set to 1.5 · 105, 3 · 105 and 7.5 · 105, and the population size to 600, 1000 and
1500 respectively for different number of objectives. Figure 3 shows the typical
fronts obtained by the algorithms for some of the test functions (WFG2, WFG4,
WFG6 and WFG7) with 3 objectives and 20 variables to give an idea of how
the algorithms are performing for smaller number of objectives. The population
size is set to 200 in this case.

0
1

2
3 0 1 2 3 4

0

1

2

3

4

5

6

7

 
WFG2

 

NSGA−II
RM−MEDA
GBN−EDA
JGBN−EDA

00.511.522.5

0

5
0

1

2

3

4

5

6

7

 
WFG4

 

NSGA−II
RM−MEDA
GBN−EDA
JGBN−EDA

00.511.522.5

−5

0

5
−1

0

1

2

3

4

5

6

7

 
WFG6

 

NSGA−II
RM−MEDA
GBN−EDA
JGBN−EDA

00.511.522.5

−5
0

5
−1

0

1

2

3

4

5

6

7

 
WFG7

 

NSGA−II
RM−MEDA
GBN−EDA
JGBN−EDA

Fig. 3. Typical Pareto fronts obtained for different algorithms performance on some of
(WFG) functions with 3 objectives
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Fig. 4. Comparison of different algorithms performance on (WFG) functions with 5
objectives

Fig. 4 shows the results obtained for each of the algorithms for WFG functions
with 5 objectives. As it can be seen in the figure, the incorporation of objectives
in the modeling of JGBN-EDA enables this algorithm to obtain a (significantly)
better performance on most of the functions. A direct comparison of GBN-
EDA and JGBN-EDA shows the effectiveness of joint modeling where except for
WFG5 and WFG9 functions, the latter algorithm can obtain significantly better
results on all other functions (p = 0.05).

WFG5 is a separable and deceptive function while WFG9 is a non-separable,
biased, multi-modal and deceptive function. According to the presented results,
for deceptive functions the information provided by objectives does not have
a great impact on the probabilistic model learnt in JGBN-EDA for generating
better solutions. Also, the algorithm is not able to properly utilize the separabil-
ity of variables in WFG5 to obtain better fronts. However, the results obtained
for WFG9 shows that non-separability and multi-modality of this problem is
completely addressed with the modeling used in GBN-EDAs which makes them
able to dominate the other two competitor algorithms on this function.

As the number of objectives grows to 10 and 20 (Figs. 5 and 6), the pro-
posed algorithm performance deteriorates in comparison to other algorithms.
The other two algorithms also show a diverse behavior on different number of
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Fig. 5. Comparison of different algorithms performance on (WFG) functions with 10
objectives

objectives. While the fronts resulted by NSGA-II on 10 objectives functions are
not comparative to other algorithms, it is able to find significantly better results
for most of the functions with 20 objectives. RM-MEDA is showing an apposite
behavior, being the better algorithm on the 10 objective case. For these high
number of objectives the performance of the proposed JGBN-EDA seems to be
less varying when compared on both 10 and 20 objectives WFG functions.

The mixed concave-convex front of WFG1 with some flat regions in the Pareto
set is best addressed by the recombination method employed in NSGA-II. The
inclusion of objective values in the modeling of JGBN-EDA has a major influence
in improving the performance on this function when compared to GBN-EDA.
On the other hand, the disconnected front of WFG2 causes a diverse perfor-
mance of NSGA-II, while the EDAs are almost performing similar on 10 and
20 objectives functions. The significantly better performance of JGBN-EDA on
WFG9 is repeated for 10 and 20 objectives.

It seems that when the number of objectives increase to a high number (e.g. 20
objectives), the modeling present in EDAs gets saturated for small populations
and can not help the algorithm to make progress. In fact for such a large number
of objectives small population sizes may not suffice to represent the Pareto front.
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Fig. 6. Comparison of different algorithms performance on (WFG) functions with 20
objectives

This issue also poses a challenge for representing the true Pareto front to be
used for the computation of performance measure. Although in this study front
approximations with several hundred thousands of points have been used for this
purpose, some areas of the front may not yet be covered properly.

4 Conclusion and Further Research

A joint modeling of objectives and variables was proposed to be used for multi-
objective optimization in this paper. The proposed EDA, learns a Gaussian
Bayesian network to encode the relationships between the variables and objec-
tives, from a set of extended solutions formed by appending the objectives to the
variables of each solution. The learnt probabilistic model will have both variable
and objective nodes. The sampling procedure generates new values for problem
variables using the objective values when such dependencies are encountered in
the model.

The performance of the algorithm was tested on a number of multi-objective
test functions with different real-world properties. The results show that the
incorporation of objectives in the modeling can help the algorithm to obtain
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better fronts on some of the functions. The results were also compared against
two other algorithms and indicated that the idea of including objective values in
the modeling step of an EDA is promising and can help to obtain better fronts
in multi-objective optimization.

The algorithm had some problems in detecting the correct search bias for
some deceptive functions using the proposed joint modeling. Also for some of
the functions, the algorithm was not able to obtain competitive fronts when
applied to high number of objectives . The effect of proper population sizing on
the performance of the algorithm specially for many objectives problems should
be studied in more detail. Other ways of utilizing the objective values in the
sampling process can be used to reduce this shortcoming.

Nevertheless the proposed algorithm can be seen as an alternative for using
modeling in the multi-objective optimization. The information provided by de-
pendencies between the objectives can be further investigated for obtaining the
relationships in problems with many objectives. The factorization obtained by
the explicit inclusion of objectives in the model is also another possibility to
simplify the problem. A future line of research associated with this is to force
some special kind of relations in the joint probabilistic model, like those discussed
for class-bridge decomposable multi-dimensional Bayesian network classifiers [2],
that will allow to decompose the problem into smaller subproblems, thus easing
the learning and sampling tasks.
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